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INCOMPLETE LIPSCHITZ-HANKEL INTEGRALS
OF BESSEL FUNCTIONS

INTRODUCTION

The general incomplete Lipschitz-Hankel Integral of Bessel Functions of the first kind is defined
by

(1)(a, z) =JfO eat tA Jv(t)dt

Here the symbol e denotes the presence of the exponential function, and A, v may be complex
numbers. Analogously, we may define integrals that contain the functions sin (at) and cos (at) in
place of exp ( at ):

JS,,,(a, z)= fZ sin (at) tgJ,(t)dt

Jcja, z) f- 0z cos (at) tJ,(O dt

(2)

(3)

To assure convergence of these integrals, it is necessary that Re (1 +A±+v) > 0. When bt = v we shall
write, for example,

(4)

We shall also define integrals of modified Bessel functions , (t) or other cylindrical functions ;C (t) by
simply replacing J by I or C in the above definitions. In addition, we define J+ -- J J -I.

In Ref. 1 it is shown for the Bessel function of imaginary argument or MacDonald function Ko
that

K, (a, z) = z Ko(z) A (a, z) + z2 K1(z) B(a, z)

where

A(a, z) = L[ , 1; 32 ' I] + 2 Q[1, 1, 1; 1, 2, 2 ; a , zA l2''2 '2' 4 '4 2 '2' 4 4

B(a, z)-L[2, 1; 2- a -z ] + a-zQ[1,1,1;2 23 a ,z2 -]2'2'2' 4a'r4 4 ''2' 4 4
Manuscript approved February 3, 1987.
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J'A'A (a, z) =- J, /A (a, z)
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Here L and Q are Kamp6 de FNriet double hypergeometric functions (defined below) of order three
and four respectively. These functions are therefore non-Gaussian. Only members of the class of dou-
ble Gaussian series of order two that consists of 34 distinct convergent forms have been given names
[2, p. 54]. These 34 forms are sometimes referred to as Horn's list.

In this report we shall show that the functions L and Q may also be employed to give representa-
tions for Eqs. 1-4 for I and J. To this end we recall the definitions of the Kamp6 de F6riet functions
L and Q:

0:2;1
Q [ a, is, y; ,u, PI A; x, A = F 2: 1;0I

L [a, ,3; y, 8; x, y]- Q[a, X, A3; y, 8, X; x, y]

We shall also introduce the third order function

1:0;0 a -;-; 1
N[a; /3, y, 8; x, y] _ F 1:1;1 I e; 8; l I lXI < °°, IYI < 00

REPRESENTATIONS FOR J' (a, z), J' (a, z), J' (a, z)

Since

JP (t) = 0(t2)" OF,[-; 1 + v; Ft2/4]LI F(1 +V)

we easily find that

eat t&J ( _= 1 A an - (Tl)m tu+P+2m+n
e v 21'12"(I + V) n=I m=Y 22m(1 + v)mm!

Now assuming that Re(I + .t + v) > 0 we obtain, on integrating term by term with respect to t,

Ji (a, z) = zI++ = (az)" -(Z 2/4)m
2"r(I + v) mn=O n!

1

(1 + v)m(1 + /L + v + 2m + n)

1 + A + AlI

3 + IL + v
l 2 Im

(1 + /A + v +2m)n

(2 + L + v + 2m),

lXI < 00, IY < 0

Substituting

(5)

1

1 + A + v + 2m + n
1

1 +. + v

2

- :a,,B ; Y ;

1AV : Y ; - ; Xly I
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into Eq. 5 then gives

I 1 + A + Vim

zI + /A + V

2"(1 + A + v) r( + v) IM=O

+Tz2 /4) m

m !
3 + A | (I + v)m

(6)* IFI1 + ,a + v + 2m; 2 + ,a + v + 2m; az]

Now using Kummer's first theorem

IF,[a; c; z] = ez IF, [c - a; c; -z]

we obtain from Eq. 6

I 1 +I;L+ Vi

2"(1 + ,j + V)r(I + v) m-0 3 + A + v (1 + V)M
2 JIm

(7)IF, [1; 2 + , + v + 2m; -azl

Since

1

(2 + /, + v + 2m),

22m 2 ,+ + v| 3 + z + v|

(2 + /i + V)2m+n

we obtain from Eq. 7

e (I+, IL eaz

JeA, ^ a Z 2"(1 + j, + o~ro( + v)
co 2)m (. aZ)n

m,n"=o m! n!

(1) I +/ Vim 2 + u + v

(1 + v)m (2 + + V)2m+n

Finally, noting that for any a

(2 + a) 2m+ 2n = 22m22n 2+a |m | 3 + a J

3

JeM,, (a, z)=

Je (a, z) =
es,A,

+FZ2 /4) m

m !

(8)
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(2 + a)2m+ 2 1+l = (2 + 0)22-22n I 3 +4 L+|

we obtain from Eq. 8 and the definition of Q given earlier

I+I+v eaz
e (a, z) =2"(1 + e+ P)(1 + v)(9)

1Q[1 + 1z + V 2 + + v 1; 2 + ,u + v 3 +,a +P I + v; +FZ a2z]

az Q[1+ jA + v 2 + A + v ;3 + jA + v 4 + ji + vT1+;-z2 a2z2 

On letting ,u = v in Eq. 9 we have

2", (1 + 2+a)r(1 + V )

|L[ I + 1;1 + 2 + a; 
3 2 ]

1 2 ''2 2 4 4

-z 2 [l+I) L [ 2+ a1; + 2 + u;+V a42Z2 

20+A 2 ' 2 4 4 lV

In addition we may use Eq. 5and the definition of N to obtain

Je~ (a, z)= zz12Iea

yev~2 2^(1 + v)

1 A + v .+ 3 + IL + vI a2a2z2+2+,a+vN[+ ; 4 + 4 1+ 3 -
________ 1 3 2 2 4 42

- az N[-2+ Al+ v4 + A + 3,Z 2Z I0

2l+A + v 2 ' 2 V 2 , 4 

4
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For brevity we shall define the following parameter lists Vj:

V_ 1 + ,u + v 2 + IL + v 1;2 + + v 3 + l+V + v +
2 2 2 2

1 + a +v 2 + , + v 1 3+ A + v 4+ + v +
V2 ~2 2 2 2 

V3_1+ ,u + P. 3 + IL + v I 

2 + t +v 4 + /i + v 3

V4 = ~ 2 ' 2 +V 

V5 = 1 + a + v, + v; 2 + ,u + v, 1 + 2 v
2

We may then obtain from Eqs. 9 and 10

JL (a, z) = * cos (az)
+Q2 _a2Z2

4' 4

+ 2+ sin (az) Q[V2; +z -a 4 2 + jL + v ~4 ' 4 J

2"(1 + ,u + V)r(i + v)

zI+,V+)

2v(1 +,ai + 01r70 + v)

N zV3; az, a2

4' 4

{sin (az) Q [V1 Tz 2 -a2z2
1 114 1 4]

az Tz~~~~~-2 a2 2i

- 2 + + cos az) V; 4 ' 4 J

I N[V +z4 -_ 12"(2 + A + OF(1+ v) ~ 4 ' 4

5

Js+ (a, z) =
A. v

(1 1)
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And from these equations we obtain on letting ,a = v

J' (a, z) = ~ZI + 21 fcos(az)L[J +A, 1;1+A,3+w; z2 , az2]

+ 2(1+ 2,s)r(i +,) 1 2 22 ' 4 4

+ ~ ~sin (az) L [4 +L 1A,1 + A, 2 +/L j z A;zi

Z I + 2F +

2" (I + 2,A) F(I +,u)

J,+ (a, z) =

N[- ,a + ,a, I + ,aI 2;~ 4' ]-a2Z22 2 2' 4' 4]

I + 2/i + sin (az) L [I + , 1; 1 + ,3 + A; +Z
2A(I + 20F17 + A) 2 2 4 

-a 2z2

4 

2(1+ ) cos (az) L /I+ ,u, 1; 3 + ,a, 2 + T; + -a4Z2,

az 20 + IL) 3 Tz 2
_____

=a )r(I A) N[1 + ,u+,,_ 4 4

Finally, noting that I,(z) may be represented by

IV(Z) = (z) Fe-Z [I + v; 1 + 2 v; +2z]
F (1+) 2

we readily obtain

Zl +u+ V 1:1;0 1 + , + v: 1/2 + v; -; _ 1
2v(l + A + V)F(1 + V) F 1:1;0 1 2 + A + v 1 + 2v; -; 2z,(a+)z (13)

REDUCTION FORMULAS FOR L, N, Q

In some instances J.+ (a, z) may be expressed in terms of generalized hypergeometric functions
provided that we know a reduction formula for one of L, N, or Q. By using Ref. 3, p. 55, Eqs. 19, 20,
and 21 respectively we find

N[a; f3, y, y; x,-x] = 2F5[ a a + I ; 2. ' Y Y 2 I 2 ;X 2
2 2 ' 2' 2 ~0/2' 2 ' 4

6

Ie.,,,(a, Z) =
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L [a, /3; y, 8; x, xI = jF 2 [a + ,8; y, 8; x]

L[a,a ,;,xI 1 4 aY . v+ 8 a8+1 x2
L aa; y, 8; x, -x] = IF4[a; 2 2' 2;16

2 2 '2' 2 '16

Using Ref. 2, p. 28. Eqs. 33 and 34 respectively we find

N[a; , ,8; x, x]= 3F4[a, Y v+ 'y + , y , y + 8-1; 4x] (14)
2 ' 2 ;3y8y8141(4

-1/2 + 1/2 + 3 + 2 V + 2 V
Q[1/ 2 2 ;a,, + V; x, x] = 2F3[ 4 , 4 ;a, 1 + V; XI

Employing Eqs. 9 and 13, we easily deduce

Q[V 1;- -]=2 {e2 2F2[V ;-2z] + e- 2 F2 [V5 ; 2z])

211 2 1=2l F[,

Q 2 Z] 2 +2 -+v {ez2F2[V -2z - zez2 F2 [Vs; 2z]}Q V;4 '4 2z-2z-e
And finally, using Eqs. 11 and 12 we find

Q[V,; 4, -4 ]z= cos z N[V 3 ; -Z, 4Z I4 4 ~4' 4

I + + -Z~~~~~2 _2
+ 2 + + z sin z N[V 4 ; 4, 4

-Z2 _2 + sin -Z
2 , -Z Q[-V2; 4 Z ] = (2 + ) ,V3;]4 ~4 /Z 4 4'

- 2 - 2I
-(1 + + v) cos z N[V4 ; 4z, 4Z]

Replacing z by iz in these equations then gives

2 2 2 2 ~~~~~~~~~~~~~~~2 Z
Q[V, 1; z -z2 ] = cosh z N[V 3; Z ' z2 ]- + Z sinh z NV4;Z4' 4 4 4 2( + Ai [ 4- ]4

Z2 sin2 22 QI2;4~ 4 (2+ /.L+) snzNV3;z,,z, 0 .+ i+v)cosh zNLV4;Z,- -]z 4 4 4' 4

7



ALLEN R. MILLER

where, on using Eq. 14,

N[V; Z2 ] F4[ 1 + 1 + V 1/ 2 +V 3/2+v; 3 +A+V 1 + + 21
'4'4 2 ' 2 ' 2 ' 2 '2 2'

N[V; Z2 Z2 I F [ 2 + A + V 3/2 + V 5/2 + V 4 + Iu + v 3 + + 3 z21
'4'4 2 ' 2 ' 2 ' 2 ,2+V V 2,

SUMMARY

Various representations for incomplete Lipschitz-Hankel integrals of Bessel functions have been
given in terms of Kamp6 de Feriet double hypergeometric functions. Reduction formulas for the dou-
ble series employed have been given in some cases.
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